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àññìàòðèâàåòñÿ ñåìåéñòâî äâóçíà÷íûõ òðàíñîðìàöèé S = S(a) ñïåöèàëüíîãî âè-
äà íà îòðåçêå [0, 1] ñ ìåðîé µ =
∫
p(x)dλ , àáñîëþòíî íåïðåðûâíîé îòíîñèòåëüíî ìåðû
Ëåáåãà λ . Òðàíñîðìàöèÿ S îñíàùàåòñÿ íàáîðîì âåñîâûõ óíêöèé α = {α1(x), α2(x)} .
Íàõîäèòñÿ êðèòåðèé èíâàðèàíòíîñòè ìåðû ïîä äåéñòâèåì çàäàííîé îñíàùåííîé òðàíñ-
îðìàöèè. Ýòîò êðèòåðèé ÿâíûì îáðàçîì ñâÿçûâàåò òðè ïàðàìåòðà: a , p è α .








. àññìîòðèì 2 -òðàíñîðìàöèþ S = S1∪S2 íà îòðåçêå


















1− a , x ∈ [a, 1].
èñ. 1. Óñòðîéñòâî 2-òðàíñîðìàöèè S
Ïóñòü λ  ìåðà Ëåáåãà íà [0, 1] , B  σ -àëãåáðà áîðåëåâñêèõ ìíîæåñòâ íà [0, 1] .
Ïóñòü òàêæå µ(B) =
∫
B
p(x) dλ  ìåðà, àáñîëþòíî íåïðåðûâíàÿ îòíîñèòåëüíî ìåðû
Ëåáåãà, p(x) ∈ L1([0, 1],B, λ) è p(x) ≥ 0 . Ñíàáäèì 2 -òðàíñîðìàöèþ S íàáîðîì
óíêöèé
α = {α1(x), α2(x)}, α1(x), α2(x) ∈ L1([0, 1],B, λ)
ñ óñëîâèÿìè α1(x) + α2(x) = 1 è α1(x), α2(x) ≥ 0 .













Â ðàññìàòðèâàåìîé íàìè êîíñòðóêöèè ïðèñóòñòâóþò òðè íåçàâèñèìûõ ïà-
ðàìåòðà: ïëîòíîñòü p(x) , ÷èñëî a (ïàðàìåòð òðàíñîðìàöèè S ) è îñíàùåíèå
α = {α1(x), α2(x)} . Ñóùåñòâóåò îïðåäåëåííàÿ ñâÿçü ìåæäó äàííûìè ïàðàìåòðàìè,
çàäàâàåìàÿ ðàâåíñòâîì µS = µ . Òàêàÿ ñâÿçü îïèñàíà äàëåå â ëåììå 1 è òåîðåìå 1.
Â ñëåäñòâèè 3 îòäåëüíî ðàññìîòðåí ñëó÷àé ìåðû Ëåáåãà (p = 1).
Çàìåòèì, ÷òî äèíàìè÷åñêàÿ ñèñòåìà (([0, 1],B, λ), S(a)) òåñíî ñâÿçàíà ñ òåîðèåé
β -ðàçëîæåíèé è ðàññìàòðèâàëàñü ðàçíûìè àâòîðàìè â [24℄.
1. Îñíîâíûå ðåçóëüòàòû






, {α1(x), α2(x)} è p(x) .
Ïóñòü χA(x)  õàðàêòåðèñòè÷åñêàÿ óíêöèÿ ìíîæåñòâà A . Ââåäåì îáîçíà÷åíèÿ:
α1(x)p(x) = A1(x) , α2(x)p(x) = A2(x) . Çàìåòèì, ÷òî ïðè ýòîì A1(x)+A2(x) = p(x) .
Ëåììà 1. µS = µ òîãäà è òîëüêî òîãäà, êîãäà ïî÷òè äëÿ âñåõ x ∈ [0, 1] ïî
ìåðå λ
A1((1− a)x) + χ[ 1−2a
1−a





1− a . (1)
Äîêàçàòåëüñòâî. Ïóñòü C1 =
[
1− 2a









β ∈ R , C ∈ B βC = {βx|x ∈ C} , C + β = {x + β|x ∈ C} . Òîãäà, ñäåëàâ çàìåíó































A1((1− a)x) dλ +
∫
B




χC2(x)A2((1 − a)x) dλ +
∫
B
A2((1 − a)x+ a) dλ

 . (2)
Åñëè µS = µ , òî ââèäó ïðîèçâîëüíîñòè ìíîæåñòâà B ∈ B èç îðìóëû (2)




< a ≤ 1
n
, n ∈ N, n ≥ 2 .
























, x1 ∈ [1− (n− 1)a, 2a), (4)















ãäå x+ma ∈ [(m+1)a, (m+2)a) ïðè m = 0, . . . , n− 3 , x+(n−2)a ∈ [(n−1)a, 1−a) .
Íà ïðîìåæóòêàõ [0, a) è [1− a, 1] íà óíêöèþ α1(x) îãðàíè÷åíèé íåò.
Äîêàçàòåëüñòâî. àññìîòðèì äâà ñëó÷àÿ.

























p((1− a)x+ a) +A1((1− a)x), x ∈
[
1− 2a
1− a , 1
]
.
àññìîòðèì ïåðâîå óðàâíåíèå ñèñòåìû:
p(x)














= p(y − a) +A2(y) = p(y − a) + p(y)−A1(y).
àññìîòðèì âòîðîå óðàâíåíèå ñèñòåìû:
p(x)















= A1(y) +A2(y + a) = p(y + a) +A1(y)−A1(y + a).
àññìîòðèì òðåòüå óðàâíåíèå ñèñòåìû:
p(x)
1− a = p((1 − a)x+ a) +A1((1− a)x), x ∈
[
1− 2a
1− a , 1
]
.







= p(y + a) +A1(y).
Èòàê, ïîëó÷àåì:







, y ∈ [a, 2a),














− p(y + a), y ∈ [1− 2a, 1− a].
(6)
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Çàìåòèì, ÷òî ïðè 0 ≤ y < a èëè 1 − a < y ≤ 1 óíêöèÿ α1(y) ìîæåò áûòü
ïðîèçâîëüíîé, ïîñêîëüêó óðàâíåíèåì (1) íà íåå íå íàêëàäûâàåòñÿ íèêàêèõ óñëîâèé.














ãäå m = 1, 2, . . . è y˜ + ma − a ∈ [a, 1 − 2a) . Òåì ñàìûì çíà÷åíèÿ óíêöèè A1(y)




< a ≤ 1
n
, n = 3, 4, . . ., γ = 1− (n− 1)a , a ≤ γ < 2a . Âîñïîëüçóåìñÿ
äàëåå ñèñòåìîé (6). Âîçüìåì y0 ∈ [a, γ) , òîãäà ïðè m = n− 2
a ≤ (n− 2)a = a+ (n− 3)a ≤ y0 + (n− 2)a− a < 1− (n− 1)a+ (n− 3)a = 1− 2a.
Ñ äðóãîé ñòîðîíû, ïîñêîëüêó 1 − 2a < (n − 1)a ≤ y0 + (n− 2)a < 1 − a , òî




y0 + (n− 2)a
1− a
)














îòêóäà ñëåäóåò îðìóëà (3).
Âîçüìåì òåïåðü y1 ∈ [γ, 2a) . Åñëè n ≥ 4 , òî ïðè m = n− 3
a ≤ 1− 3a ≤ y1 + (n− 3)a− a < 2a+ (n− 3)a− a ≤ 1− 2a.




y1 + (n− 3)a
1− a
)














îòêóäà ñëåäóåò îðìóëà (4).
Åñëè n = 3 , òî y1 ∈ [a, 2a) ∩ [1 − 2a, 1 − a] , ïîýòîìó îðìóëà (4) ïîëó÷àåòñÿ































p((1− a)x+ a) +A1((1 − a)x), x ∈
[
a











= p(y − a) +A2(y) = p(y − a) + p(y)−A1(y), y ∈ [a, 1− a), (9)















− p(y + a), y ∈ [a, 1− a]. (11)
Ïðèðàâíèâàÿ çíà÷åíèÿ A1(y) èç óðàâíåíèé (9) è (11) ïðè y ∈ [a, 1−a) , à òàêæå
ó÷èòûâàÿ óðàâíåíèå (10), ìû ïîëó÷àåì îðìóëû (3)(5) ïðè n = 2 .
Îáðàòíî, ïðè âûïîëíåíèè óñëîâèé (3)(5) µS = µ . Äåéñòâèòåëüíî, ýòè óñëîâèÿ
íå çàäàþò çíà÷åíèå α1(x) â òî÷êå 1 − a , íî íà ïðîìåæóòêå [a, 1 − a) îíè ýêâèâà-
ëåíòíû ñèñòåìå (6) (ïðè n ≥ 3) èëè óñëîâèÿì (9)(11) (ïðè n = 2). Ñëåäîâàòåëüíî,
ïî÷òè âñþäó (çà èñêëþ÷åíèåì òî÷êè x = 1 (y = 1− a)) âåðíî ðàâåíñòâî (1).
Ïðèâåäåì äâà ñëåäñòâèÿ èç òåîðåìû.
Ñëåäñòâèå 1. Ïóñòü çàäàíà ìåðà µ ≪ λ . Òîãäà ñóùåñòâóåò îñíàùåííàÿ
2-òðàíñîðìàöèÿ S(a) , ñîõðàíÿþùàÿ ìåðó µ , â òîì è òîëüêî â òîì ñëó÷àå, êîãäà
p(x) , a è {α1(x), α2(x)} óäîâëåòâîðÿþò óñëîâèÿì (3)(5).
Ñëåäñòâèå 2. Ïóñòü çàäàíà îñíàùåííàÿ 2-òðàíñîðìàöèÿ S(a) . Òîãäà ñóùå-
ñòâóåò ìåðà µ ≪ λ , ñîõðàíÿåìàÿ òðàíñîðìàöèåé S , â òîì è òîëüêî â òîì
ñëó÷àå, êîãäà p(x) , a è {α1(x), α2(x)} óäîâëåòâîðÿþò óñëîâèÿì (3)(5).
Òðèâèàëüíûé ïðèìåð (ñëó÷àé µ = λ , p = 1) çàêëþ÷åí â ñëåäóþùåì ñëåäñòâèè.
Ñëåäñòâèå 3. λS = λ òîãäà è òîëüêî òîãäà, êîãäà a = 1/n , n ∈ N, n ≥ 2 , è
α1(x) =
n− k





















óíêöèÿ α1(x) âûáèðàåòñÿ ïðîèçâîëüíî.
Äîêàçàòåëüñòâî. Ïðèìåíèì òåîðåìó 1 ïðè p(x) = 1 . Óñëîâèå (3) òåðÿåò
ñìûñë, òàê êàê ïðîìåæóòîê ïðåâðàùàåòñÿ â ïóñòîå ìíîæåñòâî:
a = 1− n/(n+ 1) = 1/(n+ 1), x0 ∈ [a, 1− (n− 1)a) = [1/(n+ 1), 1/(n+ 1)) = ∅.






















èç êîòîðîé ñëåäóåò òðåáóåìîå.
Ïðè m = n − 2 óñëîâèå (5) òåðÿåò ñìûñë, ïîñêîëüêó [(n − 1)a, 1 − a) = ∅ .
Â ÷àñòíîñòè, ïðè n = 2 îñíàùåíèå ìîæíî âûáðàòü ïðîèçâîëüíûì îáðàçîì.
Ñëåäñòâèå 4. Åñëè a = 1/2 , òî λS = λ ïðè ëþáîì âûáîðå α .
Ñëåäñòâèå 4 ñîãëàñóåòñÿ ñ èçâåñòíûì ðåçóëüòàòîì [2℄: äèàäè÷åñêîå îòîáðàæåíèå
S(x) = 2x (mod 1) ñîõðàíÿåò ìåðó Ëåáåãà.
Îäíàêî íàøà êîíñòðóêöèÿ äîïóñêàåò è íå ñòîëü òðèâèàëüíóþ ïëîòíîñòü: ðàâåí-
ñòâà (3)(5) âîçìîæíû è â ñëó÷àå, êîãäà p(x) íå ÿâëÿåòñÿ êîíñòàíòîé. Ñïðàâåäëèâà
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, ïëîòíîñòü p(x) è îñíàùåíèå {α1(x), α2(x)} òàêèå, ÷òî µS = µ . Áîëåå òîãî,
ïëîòíîñòü p(x) íå ÿâëÿåòñÿ êîíñòàíòîé.
Äîêàçàòåëüñòâî. àññìîòðèì ñíà÷àëà ñëó÷àé ÷åòíîãî n = 2m . Ïóñòü
a =
2m+ 1−√4m2 + 1
2m
=



















Ïóñòü β, γ > 0 . àññìîòðèì ïëîòíîñòü, çàäàííóþ ñòóïåí÷àòîé óíêöèåé
p(x) = βχ[0,ma)(x) + (β + γ)(1−ma)χ[ma,1−ma)(x) + γχ[1−ma,1](x).
Ïîêàæåì, ÷òî îíà óäîâëåòâîðÿåò ðàâåíñòâàì (3)(4). Äëÿ ýòîãî âñþäó íèæå áóäåì
ïîëüçîâàòüñÿ óñëîâèÿìè (12).
àññìîòðèì óñëîâèå (3). Ïóñòü x0 ∈ [a, 1− (2m− 1)a) . Ïðè −1 ≤ k ≤ m− 2
0 ≤ x0 + ka
1− a <
1− (2m− 1)a+ ka
1− a ≤
1− (m+ 1)a
1− a = ma.






1− a < 1.
Ïðè −1 ≤ k ≤ m− 2
0 ≤ x0 + ka < 1− (2m− 1)a+ ka < (2m+ 1)a− (2m− 1)a+ ka = a(2 + k) ≤ ma.
Ïðè k = m− 1
ma = (k + 1)a ≤ x0 + ka < 1− (2m− 1)a+ ka = 1−ma.
Ïðè m ≤ k ≤ n− 1














mβ + (β + γ)(1−ma) +mγ =
m
1−ma+m = 1− a.





(0,ma), −1 ≤ k ≤ m− 3,
[ma, 1−ma), k = m− 2,
(1−ma, 1), m− 1 ≤ k ≤ n− 3,
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x1 + ka ∈
{
(0,ma), −1 ≤ k ≤ m− 2,




































Ïóñòü p(x) = βχ[0,1−ma)(x) + (β + γ)(1 − ma)χ[1−ma,ma)(x) + γχ[ma,1](x) , ãäå
β, γ > 0 . Ïîêàæåì, ÷òî p(x) óäîâëåòâîðÿåò ðàâåíñòâàì (3)(4).





[0, 1−ma), −1 ≤ k ≤ m− 3;
[1−ma,ma), k = m− 2,
(ma, 1), m− 1 ≤ k ≤ n− 2,
x0 + ka ∈
{
[0, 1−ma), −1 ≤ k ≤ m− 2,






















(0, 1−ma), −1 ≤ k ≤ m− 3,
[ma, 1), m− 2 ≤ k ≤ n− 3,
x1 + ka ∈


(0, 1−ma), −1 ≤ k ≤ m− 3,
[1−ma,ma), k = m− 2,












(m− 1)β + (m− 1)γ
(m− 1)β + (β + γ)(1−ma) + (m− 1)γ =
m− 1
m−ma = 1− a.
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Îñòàëîñü ïîêàçàòü, ÷òî äëÿ α1(x) , íàéäåííîãî ïî îðìóëå (5), âûïîëíÿåòñÿ
óñëîâèå 0 ≤ α1(x) ≤ 1 . Óêàæåì α1(x) â ÿâíîì âèäå. Ïðè ýòîì ìû èñïîëüçóåì
âûâåäåííûå âûøå íåðàâåíñòâà íà ÷èñëà x+ ka è
x+ ka
1− a .




s+ 2− s+ 1
1− a , 0 ≤ s ≤ m− 2,
γ
β + γ
, s = m− 1,
a(n− s− 1)
1− a , m ≤ s ≤ n− 2.




s+ 2− s+ 1
1− a , 0 ≤ s ≤ m− 2,
a(n− s− 2)
1− a , m− 1 ≤ s ≤ n− 3.




s+ 2− s+ 1
1− a , 0 ≤ s ≤ m− 2,
a(n− s− 1)
1− a , m− 1 ≤ s ≤ n− 2.




s+ 2− s+11−a , 0 ≤ s ≤ m− 3,
γ
β + γ
, s = m− 2,
a(n− s− 2)
1− a , m− 1 ≤ s ≤ n− 3.
Èòàê, 0 < α1(x) < 1 , ïîñêîëüêó ïðè k = 1, 2
0 <
1−ma













1− a < 1, m− 1 ≤ s ≤ n− 3.
Ïî òåîðåìå 1 äëÿ îñíàùåíèÿ α , çàäàííîãî îðìóëîé (5), µS = µ .
Çàìå÷àíèå. Â òåîðåìå 2 ìû íàøëè ñðàçó ñåìåéñòâî ïëîòíîñòåé, çàâèñÿùåå îò
äâóõ ïàðàìåòðîâ β, γ > 0 .
Summary
P.I. Troshin. On Measure Invariane for a 2-valued Transformation.
We onsider a family of 2-valued transformations of speial form on the interval [0, 1] with
measure µ =
∫
p(x)dλ whih is absolutely ontinuous with respet to the Lebesgue measure.
We endow S with a set of weight funtions α = {α1(x), α2(x)} and nd a riterion of measure
invariane under the transformation. This riterion relates the three parameters a , p , α to
eah other.
Key words: multivalued dynamial system, invariant measure.
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